ABSTRACT. For a q-pseudoconvex domain Ω in C n , 1 ≤ q ≤ n, with Lipschitz boundary, we solve the ∂-problem with exact support in Ω. Moreover, we solve the ∂-problem with solutions smooth up to the boundary over Ω provided that it has smooth boundary. Applications are given to the solvability of the tangential Cauchy-Riemann equations on the boundary.
Introduction
The ∂-problem is of fundamental importance in the study of Several Complex Variables, related to the study of holomorphic functions and domains which occur naturally in the field. For a domain Ω of C n we study the ∂-problem with exact support in Ω, which can be stated as follows: given a (r, s)-form f on Ω, which is ∂-closed with supp f ⊂ Ω, and for s ≥ q, we look to find a (r, s − 1)-form u on Ω with supp u ⊂ Ω solves ∂u = f in Ω. This problem was considered by Derridj [9] , [10] using Carleman type estimates for smooth domains with plurisubharmonic defining functions. Shaw [26] stuided this problem on a pseudoconvex domain with C 1 boundary in C n . Cao-Shaw-Wang [7] obtained a solution to this problem on a locally Stein of the complex projective space. Recently, Saber [23] studied this result to a weakly q-convex domain with C 1 -smooth boundary in C n . Here, we extend these results to a q-pseudoconvex domain Ω in C n , 1 ≤ q ≤ n, with Lipschitz boundary. On the other hand, we solve the ∂-problem with solutions smooth up to the boundary over a q-pseudoconvex domain Ω in C n , with C ∞ smooth boundary,
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which can be stated as follows: given a (r, s)-form f on Ω, which is ∂-closed that is smooth up to the boundary on Ω, and for s ≥ q, we look to find a (r, s − 1)-form u on Ω smooth up to the boundary on Ω solves ∂u = f in Ω. Kohn [18] completely solved this problem on pseudoconvex domains by introducing the ∂-Neumann operator with weight in order to gain higher differentiability: The equation ∂u = f for ∂f = 0 is solvable for forms f for any degree s ≥ 1.
For solvability with regularity up to the boundary in a pseudoconvex domain without corners, we refer to Kohn [19] . By the same method, Zampieri [29] , Heungju [14] and Baracco-Zampieri [3] , [4] obtained this result in different cases of q-pseudoconvexity in C n . Henkin [13] and Grauert-Lieb [12] used the integral formula approach to prove this problem for strictly pseudoconvex domains. They obtained uniform and Hölder estimates for the solution of ∂ on such domains. Saber [25] , used the vanishing of the ∂-cohomology group approach to prove this problem on strictly q-convex and q-concave domains in Kähler manifolds. By a different method, we study this problem on a q-pseudoconvex domain Ω in C n , 1 ≤ q ≤ n, with C ∞ smooth boundary.
As an applications to these results, the solvability of the tangential CauchyRiemann equations for smooth forms on boundaries was obtained. When Ω has strictly pseudoconvex boundary, the ∂ b complex has been studied extensively in several articles (cf. [6] , [11] , [13] , [20] ). On weakly pseudo-convex boundaries, the C ∞ solvability for ∂ b was proved by Rosay [22] (see also [21] , [26] , [27] , [28] ).
Preliminaries
A complex-valued differential form u of type (r, s) on C n can be expressed as u = 
THE ∂-PROBLEM ON Q-PSEUDOCONVEX DOMAINS WITH APPLICATIONS
The Hodge star operator is a linear map :
, the weighted L 2 -inner product and norms are defined by
where dV is the volume element.
(Ω, φ) be the maximal closure of the Cauchy-Riemann operator and ∂ φ be its Hilbert space adjoint.
ÈÖÓÔÓ× Ø ÓÒ 1º ([5])
Let Ω C n be a bounded domain with C 2 boundary and ρ be its C 2 defining function. Let a, φ be two real functions that are twice continuously differentiable on Ω, with a
The case of a ≡ 1 and φ ≡ 0 is the classical Kohn-Morrey formula, see [16] , [17] . For nonnegative we define Sobolev space
where the Sobolev norm of order is defined by
Here
is the α-th covariant derivative of f and | · | denotes the pointwise norm that is induced by the inner product on Λ α T C n . Let ψ : R 2n−1 −→ R be a function that satisfies the Lipschitz condition
The smallest T in which (1) holds will be called the bound of the Lipschitz constant. A domain Ω R 2n is called Lipschitz domain or a domain with Lipschitz boundary, if near every boundary point p ∈ bΩ there exists a neighborhood V of p such that, after a rotation,
for some Lipschitz function ψ. By choosing finitely many balls {V i } covering bΩ, the Lipschitz constant for a Lipschitz domain is the smallest T such that the Lipschitz constant is bounded by T in every ball V i . 
Ò Ø ÓÒ 2º
One of the most typical examples of q-subharmonic function which is not plurisubharmonic is
A C 2 smooth function u on U ⊂ C n is called q-plurisubharmonic if its complex Hessian has at least (n − q) non-negative eigenvalues at each point of U .
A domain Ω ⊂ C n is pseudoconvex if and only if it is 1-pseudoconvex, since 1-subharmonic function is just plurisubharmonic.
An n-subharmonic function is just subharmonic function in usual sense. An upper semicontinuous function on U is plurisubharmonic exactly when it is 1-subharmonic.
Remark 1º ([7]) If Ω C
n is a q-pseudoconvex domain, 1 ≤ q ≤ n, then the following hold (1) If bΩ is of class C 2 , then by (2), Ω is weakly q-convex in the sense of Ho [15] .
(2) If q ≤ q , then q-pseudoconvexity implies q -pseudoconvexity.
Ò Ø ÓÒ 4º
We say that ϕ ∈ C 2 (U ) a strictly q-subharmonic if ϕ satisfies (2) with strict inequality. Also we say that Ω is strictly q-pseudoconvex if the boundary of Ω, is of class C 2 and its defining function is strictly q-subharmonic.
Solution to ∂-equation with exact support
In the section, using the duality relations pertaining to the ∂-Neumann problem, we shall solve the L 2 ∂ Cauchy problem on q-pseudoconvex domains in C n with Lipschitz boundary.
Then Ω has a C ∞ -smooth strictly q-subharmonic exhaustion function. More precisely, there are strictly q-pseudoconvex domains, Ω ν 's, ν = 1, 2, . . . , satisfying
Using Lemma 1, as in [24] , we can prove the following theorem: 
In fact, one can always select the solution u of Theorem 2 satisfying the additional property u ∈ ker ∂ ⊥ , otherwise, replace u by its orthogonal projection on ker ∂ ⊥ . Since ∂ is a linear, closed, densely defined operator, thus
, the ellipticity of the operator shows that u ∈ C ∞ r,s−1 (Ω).
Global solution of the ∂-problem
Let Ω C n be a bounded domain with smooth boundary and ρ be its C 2 defining function. In this section, by using L 2 a priori estimates for the weighted ∂-Neumann operator we study the ∂-problem with C ∞ regularity up to the boundary on Ω. From (2), for every f ∈ C ∞ r,s (Ω) ∩ dom ∂ with s ≥ q, we have
From now on we fix φ t (z) = t |z| 2 , t ≥ 0 and use the notation · t = · φ t , ·, · t = ·, · φ t and ∂ t = ∂ φ t and etc. Let t = ∂ ∂ t + ∂ t ∂ be the complex Laplacian operator and take f ∈ dom( t ) of degree s ≥ q, then we have for every t > 0 
, then for any nonnegative integer there exist constants C and T such that
P r o o f. The proof is the same as in [18] .
Using the elliptic regularization method which was used in [18] , one can pass from the a priori estimates (3) to actual estimates and we can prove the following theorem: 
